We analyze the distribution of heat generated in driven single-electron transitions and discuss the related non-equilibrium work theorems. In the adiabatic limit, the heat distribution is shown to become Gaussian, with the heat noise that, in spite of thermal fluctuations, vanishes together with the average dissipated energy. We show that the transitions satisfy Jarzynski equality for arbitrary drive and calculate the probability of the negative heat values. We also derive a general condition on the heat distribution that generalizes the Bochkov-Kuzovlev equality and connects it to the Jarzynski equality.
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Landauer principle [1, 2] , linking the erasure of information to the heat generated in a computation process, plays an important role both in understanding the foundations of thermodynamics (see, e.g., [3] and references therein) and in practical attempts to realize thermodynamically reversible computation (see, e.g., [4] ). From physics point of view, a typical elementary step of a computation process is an externally-driven and controlled switching between two distinguishable states of a thermodynamic system. From this perspective, one of the basic facts of statistical mechanics underlying the Landauer principle is the statement that any system manipulated adiabatically, at frequencies below its energy relaxation rate, remains in a state close to the instantaneous thermal equilibrium. As a result, the energy is transferred into or out of the system reversibly, with the overall increase of the entropy "of the universe" that can be made arbitrarily small. Landauer principle addresses the average values, whereas the statistical fluctuations can lead to its violation in any given realization of the switching process [5] [6] [7] . These fluctuations are particularly important in small systems, making it interesting to understand not only the behavior of the averages, but also the fluctuations. The question of the distribution of the generated heat, or of the work done on the system, is addressed in fluctuation theorems [8] [9] [10] that have been of interest in the non-equilibrium statistical mechanics at least for the last 30 years [11] . These theorems, however, describe only some general characteristics of the heat/work distributions (discussed in more details below), while the distributions themselves are known only for some toy models (see, e.g., [12] ). The aim of this work is to calculate the distribution of the generated heat for one of the most basic models of nanoscale information processing: "single-electron tunneling" (SET) [13] . There, the information is encoded in the position of individual electrons in a system of mesoscopic conductors, and is processed through electron tunneling between the neighboring conductors. For the purpose of studying the heat distribution, this model combines several attractive features. It is understood to a high precision, sufficient, e.g., for the development of metrological applications [14, 15] ; it is considered as the basis of a practical scheme of reversible computing [16] [17] [18] , and is sufficiently simple for explicit calculations. Our results show that, counter-intuitively, even for discrete electron transitions, the width of the generated heat distribution can be smaller than the energy k B T of thermal fluctuations, and vanishes for adiabatic switching together with the average dissipated energy. We also discuss the applicability to the SET switching of the "Jarzynski equality" (JE) [8] , one of the better-known work theorems, and derive an equation that generalizes a physically appealing but more limited equality derived earlier by Bochkov and Kuzovlev (BK) [11] .
Our discussion applies to driven single-electron transitions in general, although for the sake of clarity, we consider the specific example of a single-electron box (SEB) [19, 20] , a small conducting island coupled through a tunnel junction with conductance G T and capacitance C to a large external electrode, and biased with respect to it by the gate voltage V g applied through the capacitance C G , see Fig. 1 . The island can carry extra electric charge ne. In the simplest regime of relatively low temperatures T , β −1 ≪ E C ≡ e 2 /(2C Σ ), where β ≡ 1/k B T and C Σ = C + C g is the total capacitance of the box, and the gate voltage V g is restricted to the range 0 ≤ n g ≤ 1, where n g ≡ −C g V g /e, the box dynamics can be limited to just two possible states, electron on the island, n = 1, and electron off the island, n = 0. We consider the basic switching dynamics between these two charge states with the ramp of the gate voltage across its value δn g ≡ n g − 1/2 = 0 at which these states are degenerate in energy. We first focus on the regime when the time dependence δn g (t) is not very rapid on the large scale set by the energy E C , so that the transition n = 0 → n = 1 happens with certainty, while it can still be rapid on a smaller thermal scale β −1 . Such a transition is in general accompanied by dissipation of energy. The electrodes of the normal-metal SEB can be modeled as systems of noninteracting electrons. When an electron with energy ǫ tunnels into or out of such a system, it carries an amount of heat ǫ − µ, where µ is the electron chemical potential of the electrode. The energy ǫ is conserved in tunneling, and therefore the total amount of heat deposited in the two electrodes in electron transfer process is equal to the difference ∆U (t) between the chemical potentials of the electrodes at the time t of the transition. In the SEB, ∆U (t) = 2E C δn g (t), and the total heat Q generated in one ramp of the gate voltage is
where the sum is over all back-and-forth (±) electron transitions between the states n = 0 and n = 1 at the time instants τ i during one ramp, and I(t) = i ±δ(τ i ) is the associated particle current in the junction. The heat Q is an experimental observable, which can in principle be determined either by direct measurement, or by detecting the position of the gate n g (τ i ) at each transition. To calculate the distribution of heat Q over an ensemble of transfer processes, we consider the situation of small junction conductance, G T ≪ e 2 / , when the dynamics of tunneling can be described by Markovian master equation for the occupation probabilities p n of the states n, assuming first the tunneling rates Γ ± = ±(G T /e
2 )∆U/(1 − e ∓β∆U ) characteristic for the normal-metal junction [13] . The master equation for the occupation probabilities p n , of the two charge states, n = 0, 1 reduces then toṗ
2 , and
2 ) coth(β∆U/2). It gives the probability p jk (t 1 , t 2 ) for the system to be in the state k at time t 2 , if it was in the state j at time t 1 < t 2 as
To obtain the quantitative results for distribution of the generated heat Q, we take the time dependence of the gate voltage in Eq. (1) to be linear, 2E C δn g (t) = ηt, on the relevant small scale set roughly by T . (It can still be non-linear on a larger scale set by E C >> β −1 .) Since the transitions, and hence the current I(t), are suppressed away from the resonance, t → ±∞, one can separate out the average heat Q and integrate by parts in Eq. (1), reducing the equation for heat fluctuationsQ = Q − Q in this case toQ = η dtñ(t), whereñ(t) is the random realization of the charge on the SEB relative to its average in the gate ramp,ṅ(t) = I(t) − I(t) . This means that the central moments of the heat fluctuations can be calculated through the correlation functions K (m) of the charge:
which in turn can be obtained directly from the solution (2) of the master equation:
where p j (t) ≡ p 0j (−∞, t) are the probabilities of the two charge states evolving from the state n = 0 at t → −∞, andñ j (t) = j − n(t) = j − p 1 (t) is the value of the charge fluctuationñ(t) in the state j = 0, 1. Summation over all repeated indices is implied in Eq. (4).
Equations (2) - (4) allow one, in principle, to find any central moment of the heat distribution. We calculate explicitly the heat noise σ Q ≡ Q 2 1/2 and the third moment λ Q ≡ Q 3 1/3 which coincides with the third cumulant of the distribution. For m = 2, one gets:
Since the charge dynamics we are considering is essentially classical, the correlator at t 1 > t 2 is determined by the condition K (2) (t 1 , t 2 ) = K (2) (t 2 , t 1 ). The correlator (5) substituted in Eq. (3) gives the heat noise σ Q .
The first few moments of the generated heat are shown in Fig. 2 as functions of the dimensionless ramp rate ν ≡ η(eβ) 2 /G T . Despite the thermal fluctuations of energies of tunneling electrons, the heat noise σ Q becomes smaller than k B T and vanishes together with the average dissipated energy Q in the limit of adiabatic reversible evolution, ν → 0. This means that, similarly to continuous diffusive processes [12] , for discrete SET transitions, the dissipation is suppressed in the adiabatic limit not only on average, but for the individual ramps as well. Quantitatively, the instantaneous equilibrium probability p = Γ D /Γ Σ obtained from Eq. (2), combined with Eq. (3) and (5) gives the heat noise for ν ≤ 1:
with c = (8/π 2 ) ∞ n=0 (2n + 1) −3 ≃ 0.85. The second equality in (6) follows from comparison to the average dissipated energy Q = η dtt ṅ(t) obtained using Eq. (2) to find the first-order adiabatic correction to n(t) = p 1 (t). This equality resembles the standard fluctuation-dissipation theorem relating (in this case, quasi-) equilibrium fluctuations of the dissipated energy and the average linear response to a slow change inducing this dissipation. Numerical evaluation of both quantities for arbitrary ν (as in Fig. 2 ) shows that this relation holds very accurately up to ν ≃ 5. Used together with Eq. (13) below, it also means that the distribution function ρ(Q) of the dissipated energy is Gaussian,
This conclusion agrees with the behavior of λ Q shown in Fig. 2 , which, as described below, satisfies λ Q ∝ ν ≪ σ Q ∝ √ ν for ν ≪ 1. In the adiabatic limit, Q is produced by many back-and-forth transitions and should indeed become Gaussian by the central limit theorem.
In the opposite limit of the rapid gate voltage ramp, ν ≫ 1, the heat distribution can be found in the "singlejump" approximation assuming that in this case, the system has time for only one electron transition from the initial (n = 0) to the final (n = 1) charge state. Then,
One can check that this distribution reproduces well the large ν behavior of the moments plotted in Fig. 2 . The leading part of these asymptotes can be obtained analytically by completely neglecting the 1/ν parts of the distribution, reducing it to ρ(Q) = (Q/σ
2 , where σ ≡ √ ν/β = (ηe 2 /G T ) 1/2 , and giving, e.g., for the third
1/3 σ. For arbitrary ν, the third cumulant λ Q can be calculated from Eqs. (3) and (4) . Equation (4) combined with Eq. (2) gives after some algebra for m = 3:
In all other time intervals, the correlator K (3) is defined, similarly to K (2) , by the condition that it is symmetric with respect to permutations of the time arguments. The integrals of Eq. (9) as required in Eq. (3) can be evaluated numerically and give λ Q shown in Fig. 2 . For ν ≫ 1, this can be done analytically, with the result agreeing with that of the large ν approximation given above. In the adiabatic limit ν ≪ 1, one can use the quasiequilibrium expression for the probabilities, p 0,1 = (1 ∓ Γ D /Γ Σ )/2, and get λ Q = c ′ νk B T , with c ′ ≃ 0.22. One of the interesting features of the statistics of the dissipated energy in the SET transitions considered in this work is the existence of the Q < 0 region, i.e. finite probability P of an SET transition taking place with extraction of energy from thermal fluctuations rather than with energy dissipation. This probability could be the basis of implementation of an SET version of the "Maxwell's demon" [22] : One can envision extracting electrical energy from thermal fluctuations in multi-junction SET circuits, with the help of a measurement/feedback loop, similar to the "informationto-energy conversion" demonstrated recently by applying rotating electric field to a dimeric particle [7] . The magnitude of this probability can be calculated for slow and rapid gate voltage ramps from Eqs. (7) and (8):
In the adiabatic regime, the probability can be large, P → 1/2, at the cost of the typical value Q e of the extracted energy being small on the scale of thermal energy, Q e ∼ √ νk B T . In the opposite limit, ν ≫ 1, P is small, but Q e ∼ k B T . For arbitrary ν, P can be calculated by direct Monte Carlo simulation of the transitions, see Fig. 2 (lower inset), which shows good agreement with the asymptotic behavior (10) in the two limits. The SET transitions represent a very convenient system for testing the general work theorems [8] [9] [10] [11] 23 ] of non-equilibrium statistical mechanics. To derive them, we adopt a more general set of assumptions than used above. We do not assume any specific energy dependence of the transition rates Γ ± besides the detailed balance, Γ + (τ i ) = e β∆U(τi) Γ − (τ i ), and in principle, allow the transitions to transfer more than one electron across the barrier. The following discussion is thus applicable, with small adjustments, also to normal metal/superconductor (NIS) junctions, which in the box geometry, in addition to SET transitions, demonstrate individual Andreev processes [24] transferring pairs of electrons. We also allow the gate voltage to have arbitrary time dependence, and the evolution of the SEB to start and end not in a definite charge state. Instead of transition probabilities (2), it is convenient now to represent Markovian evolution of the SEB in terms of all possible multi-transition paths between initial −T /2 and final +T /2 times, so that the average of any function f (Q) of heat is
Here, as before, we restrict the dynamics to the two charge states, p n is the initial probability of the state n, and the averages f (Q) n,j for trajectories starting at n and making j back-and-forth transitions are:
The probability density ρ n can be expressed in terms of the probability
′ that the system does not make a ± transition in the time interval from τ i to τ i+1 . For odd values of j,
where the two sets of indices correspond to the two states n. For even j, the expression is constructed similarly. The detailed balance for tunneling rates implies immediately that the expression of the average of f (Q) = e −βQ = Π j l=1 e ∓β∆U(τ l ) , taken according to Eqs. (11) and (12), coincides with the transition probability w between the charge states in the time-reversed evolution [25] with the same voltage ramp, i.e.
where i, f = n(∓T /2) are the initial and final charge states of the system. This equation gives a general version of the work equalities discussed previously [8] [9] [10] [11] , in the form convenient for the SET transitions. In particular, if the gate voltage ramp satisfies the condition δn g (−t) = −δn g (t), as, e.g., does the linear ramp discussed above, the tunneling rate has the symmetry Γ − (−t) = Γ + (t). In this case, transition probabilities are symmetric, w(f → i) = w(i → f ), and Eq. (13) gives e −βQ = 1, the relation used above to derive the distribution (7), and by setting βQ = ∆S, it is seen to be identical to the central equation (9.1) of Ref. [11] of Bochkov and Kuzovlev. We see that it is satisfied here for arbitrary distribution of the initial probabilities p i of the charge states. If the ramp is not antisymmetric relative to the degeneracy point at t = 0, the right-hand-side of Eq. (13) can be different from 1.
For equilibrium initial state, the probabilities p i can be expressed through the equilibrium probabilities p f defined for the gate voltage at the end of the evolution: p i = p f e β(E f −Ei−∆F ) , where ∆F is the difference of the free energy for the final and the initial gate voltage values in the ramp, and E i,f are the energies of the corresponding charge states given by the box charging Hamiltonian H(n) = E C n 2 −U g n, where U g ≡ eC g V g /C Σ . This means that the energy difference between the initial and final charge states can be written as E f −E i = ∆H = − (U g −E C )dn(t)− ndU g (t), (14) where the first integral coincides with the heat (1), while the second term defines the "thermodynamic" work [12, 21] W th = − ndU g . While this work is different from the actual physical work [26, 27] done on the box by the source of the gate voltage, which is given by U g dn, it describes the change of the energies of the charge states. The average e −βW th over the distribution of the thermodynamic work in a ramp can expressed similarly to Eq. (13) . Relating then the probabilities p i through p f in this expression with the help of Eq. (14) , one gets the Jarzynski equality e −β(W th −∆F ) = 1 (15) for an arbitrary gate voltage ramp. Overheating effects were not considered in this analysis. In summary, we obtained the distribution of heat generated in driven single-electron transitions and its central moments, and analyzed the most common work theorems and their validity in this context. The authors would like to acknowledge useful discussions with T. Ala-Nissilä, K.K. Likharev, M. Möttönen and O.-P. Saira.
